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Outline

Tasks Transformers cannot learn

The standard fix: Chain-of-Thought

The alternative: Looped Transformers

Signal propagation in Looped Transformers

Recent work: Improving signal propagation
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From vanilla Transformers to Looped Transformers



Tasks a (vanilla) Transformer cannot solve

shortest path
in a maze

state tracking graph reachability
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The reason is a complexity theoretic limit

Transformer

Transformer
Block

Transformer
Block

Transformer
Block

fixed depth

simulated by

Constant-depth circuit

A fixed-depth Transformer can be simulated by a constant-depth Boolean
circuit. [Merrill & Sabharwal]

TC
0 = what boolean circuits can compute with constant depth, polynomial

size, unlimited fan-in and majority gates.
These tasks lie outside TC0.
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Standard fix: Chain-of-Thought

Chain-of-Thought adds depth.

But training requires hand-crafted reasoning traces — not learned
end-to-end.
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The alternative: Looped Transformers

Loop a transformer until done.

Learns to reason end-to-end.

Compute scales with number of loops:

zi = fθ(zi−1; x)

We use reaching a fixed point as a
halting criterion.

Stop?

Transformer
Block × L

x

zi-1

zi

z*

No

Yes
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Looped Transformers are deep Transformers

Unrolling the loop yields a very deep
network.

Training deep models is hard.

⇒ Signal propagation becomes a bot-
tleneck.
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Signal propagation in Looped Transformers



Two ways to place the normalization

Multi-Head Attention

Feed-Forward

LayerNorm

LayerNorm

LayerNorm

Multi-Head Attention

LayerNorm

Feed-Forward

zi-1

zi

zi-1

zi

Post-Norm Pre-Norm

Transformer
Block

Looped models typically use post-norm; deep (non-looped) networks prefer pre-norm.
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Pre-norm makes transformers more trainable

Post-norm (left): narrow loss ridges | Pre-norm (right): better conditioned.
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. . . but pre-norm causes activations to explode

Multi-Head Attention
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Post-norm stays bounded while pre-norm causes activations to explode.
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Can we switch to pre-norm while keeping the
activations bounded?

Yes — via residual scaling.
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Recovering boundedness via residual scaling

Theorem 1 (boundedness).
With 0 ≤ α1, α2 < 1 and the
coupling β2 = 1 − α2α

2L
1 ,

β1 = β2(1−α1)

1−α2L
1

, the iterates

stay bounded:
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∞∥ ≤ ∥x∥+ α2 cf .

Stop?

Transformer
Block × L

x

zi-1

zi

z*

No

Yes

×α2

×β2

across iterations (α2, β2)

LayerNorm

Multi-Head Attention

LayerNorm

Feed-Forward

zi-1

zi

×α1

×β1

×α1

×β1

within a block (α1, β1)
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Putting it together: Fixed-Point Reasoning Model
(FPRM)



The benchmark tasks
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FPRM performance

Model # par. No Hier. Sudoku-Ext. Maze-Hard ARC-1 ARC-2

HRM 27M ✗ 55.0 74.5 40.3 5.0
Attractor 27M ✗ 91.4 93.1 – –
URM 14M ✗ 77.6 – 53.8 16.0

TRM 7M ✗ 74.7 85.3 44.6 7.8
EqR 7M ✗ 93.0 – – –
FPRM 7M ✓ 94.2 87.0 47.5 6.2
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The S5 benchmark: composing permutations
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FPRM can learn to do state tracking

2 32 64 96 128
Sequence length 

20

40

60

80

100

Te
st

 a
cc

ur
ac

y 
(%

)

A5

2 32 64 96 128
Sequence length 

20

40

60

80

100

Te
st

 a
cc

ur
ac

y 
(%

)
S5

TRM w/o ACT

TRM w/ ACT

TRM+conv w/o ACT

TRM+conv w/ ACT

FPRM (ours)

On state tracking, FPRM holds ∼100% accuracy far beyond the training length (32,
dotted).
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FPRM adapts compute to instance difficulty

101 102 103 104

Inference compute (effective layers)

0

20

40

60

80

100

T
es

t
ac

cu
ra

cy
(%

)

Halting

FPRM (ours) TRM

Easy Medium Hard

Task difficulty

Sudoku-Extreme accuracy vs. compute across difficulty.
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Summary

Looped Transformers are, in part, very deep Transformers — so signal
propagation matters.

Post-norm: bounded, but propagates signal poorly.
Pre-norm: propagates well, but is unbounded.

Residual scaling makes pre-norm bounded ⇒ trainable at depth.
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Thank you!

Read the paper | arXiv:2606.18206
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